Abstract. In this paper we prove a relative version of the classical Mumford-Newstead theorem for a family of smooth curves degenerating to a reducible curve with a simple node. We also prove a Torelli-type theorem by showing that certain moduli spaces of torsion-free sheaves on a reducible curve allows us to recover the curve from the moduli space.
Introduction
For a nonsingular projective variety V with plurigenera h 0,3 = h 3,0 = 0, an interesting invariant is the Weil-Griffiths intermediate Jacobian defined as follows:
(1.0.1) where the complex structure on H 3 (V, R) is given under the the identification
A polarisation on V canonically induces one on J 2 (V ) as follows: Let ω denote the Kähler class defined by this polarisation. Then ω defines a bilinear form on H 3 (V, C) as follows:
This pairing induces a polarisation on the torus J 2 (V ) making it a polarised abelian variety which depends holomorphically on V since here it coincides with the Weil intermediate Jacobian(cf. [10] , [2] ).
Let X be a smooth projective curve of genus g ≥ 2 and M X the moduli space of stable vector bundles rank 2, degree 1 with detE = L . The Mumford-Newstead theorem ( [10] ) proves that the intermediate Jacobian J 2 (M X ) with its natural polarisation defined above is canonically isomorphic to the principally polarised Jacobian J(X) of X and as a corollary of the theorem one can recover the curve X from M X .
The aim of this paper is to ask the analogue of the Mumford-Newstead theorem for a reducible nodal curve X 0 = X 1 ∪ X 2 with single node p ∈ 1 X 1 ∪ X 2 as well as in the relative situation π : X → ∆ where ∆ is the disc and the special fiber is X 0 and the general fibers are smooth projective curves.
By a result of Nagaraj-Seshadri ( [13] ) we know that when a family of smooth genus g curves {X t } t∈∆ specializes to X 0 i.e there is a proper, flat holomorphic, surjective map π : X → ∆ such that π −1 (t) = X t is genus g smooth projective curve and π −1 (0) = X 0 the moduli spaces M X t specializes to M X 0 .
The moduli space in question is the moduli space M X 0 of stable torsionfree sheaves of rank 2, deg 1 with detE ≃ ξ over X 0 . This moduli space was constructed by Nagaraj-Seshadri [13] and in this case they have shown that it is the union of two smooth projective varieties meeting transversally along a smooth divisor.
Therefore, a priori H 3 (M X 0 , C) has an intrinsic mixed Hodge structure. In this article we will show that in fact it has pure Hodge structure with h 3,0 = h 0,3 = 0 and rank H 3 (M X 0 , C) = 2g where g = g 1 +g 2 is the arithmetic genus of the curve with g 1 > 3, g 2 > 3. Thus we have an intermediate Jacobian, as defined earlier, now associated to H 3 (M X 0 ).
In the relative situation, we will construct a family of principally polarised intermediate Jacobians degenerating into J 2 (M X 0 ). We will then show that the intermediate Jacobian associated to H 3 (M X 0 ) is naturally isomorphic to the Jacobian J(X 0 ) by showing the relative intermediate Jacobian is isomorphic to the relative Jacobian. For this we will appeal to the theory of limiting Mixed Hodge structure.
With these notations the main theorem of this paper is the following: Theorem 1.1.
(1) There is a family of polarised intermediate Jacobians {J 2 (M X t ), θ ′ t } t∈∆ corresponding to the degeneration M t M 0 i.e a surjective, proper, holomorphic submersion π : J 2 (M) −→ ∆ such that π −1 (t) = J 2 (M X t ) ∀ t in ∆ * and π −1 (0) = J 2 (M X 0 ) and a relative ample class
(2) The family of (Mumford-Newstead) isomorphisms φ t : (J(X t ), θ t ) −→ (J 2 (M X t ), θ ′ t ) extend across the puncture. i.e we have a commutative diagram-
' ' P P P P P P P P P P P P P P
We observe that J(X 0 ) is isomorphic to the product J(X 1 ) × J(X 2 ). As has been observed in the paper of Mayer-Mumford ([11, Page 6 bottom]), Torelli theorem as normally stated fails for such curves. More precisely, in the case of a reducible nodal curve the Hodge structure on the first cohomology is not enough to recover the node; on the other hand, we observe that under suitable choice of polarisation , one can recover the normalization of X 0 but not the curve X 0 . We observe that the moduli space of rank 2 torsion-free sheaves M X 0 carries more information than the Jacobian J(X 0 ). We will show this is in fact the case and that we can actually recover the curve X 0 from M X 0 , following a strategy of [4] .
More precisely, we will prove the following analougue of the Torelli theorem for reducible curves: Theorem 1.3. Let X 0 and Y 0 be two reducible curves with nodes at p and q and the arithmetic genus of X 0 , g(X 0 ) = g 1 + g 2 satisfies g 1 > 3, g 2 > 3 and X 1 = X 2 where X 1 and X 2 are the components of X 0 . Let M X 0 ( resp M Y 0 ) be the moduli space of rank 2, degree 1 torsion-free sheaves with detE ≃ ξ on X 0 ( resp on Y 0 ).Then we have:
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preliminaries
In this section we shall very briefly recall some of the constructions given in [13] . For the moment, we shall denote by M 0 , the moduli space of rank 2,degree 1 semistable torsion-free sheaves over X 0 where we do not fix the determinant (for the definition of semistability see [13, page 110] ).
By [13, Lemma 2.3] we have an equivalence of categories between the category of torsion-free sheaves and the category of triples (F 1 , F 2 , A) where F i , i = 1, 2, are vector bundles over X i and A :
One of the main results of their paper [13, Theorem 4 .1] the moduli space M 0 exists as a connected projective variety with exactly two irreducible components and in this particular case(i.e when degree and rank are coprime) the variety M 0 is union of two smooth projective varieties M 12 and M 21 intersecting transversally along a smooth divisor D.
The C-valued points of the variety M 12 correspond to the isomorphism classes of stable triples (F 1 , F 2 , A) where A : F 1,p → F 2,p is a linear homomorphism and deg F 1 = 1, deg F 2 = 0. Similarly, C-valued points of the variety M 21 correspond to isomorphism classes of stable triples (G 1 , G 2 , B) where B : G 2,p → G 1,p is a homomorphism and deg
(resp. M X 2 ) be the moduli space of semistable vector bundles of rank 2, deg 1 over the curve X 1 (resp. rank 2, deg 0 over the curve X 2 ).
We firstly observe that there is a canonical morphism
To see this we briefly recall the GIT construction of M 12 . ( See [13, Section 5] ).
We fix an ample line bundle O X 0 (1) over X 0 and let
(1) and a 2 = 1 − a 1 then 0 < a 1 , a 2 < 1 and
. We call the pair (a 1 , a 2 ) a polarization on X 0 .
There is an integer
) on X 1 (resp X 2 ) with fixed Hilbert polynomial P 1 (n) := χ(F 1 (n)) (resp P 2 (n) := χ(F 2 (n))) where F 1 is a degree 1 semistable bundle on X 1 and F 2 is a degree 0 semistable bundle on X 2 . Denote by R 1 (resp R 2 ) the open subset of Q 1 (resp Q 2 ) consisting of those points
the natural map induces an isomorphism C k 1 ≃ H 0 (F q ) and F q is locally free.
be the universal quotient sheaves on Q 1 × X 1 and Q 2 × X 2 respectively. 
) and this action clearly lifts to an action of P G on the projective bundle P(Hom( F 2 ) ) denotes the open subvariety consisting of all semistable triples (F 1 , F 2 , A) and U ⊆ P(Hom(F 1 , F 2 ))
ss be the open subvariety of triples (F 1 , F 2 , A) such that rk(A) = 2. These subvarieties are clearly P G invariant.
We observe the following facts from [13] and [6] .
(1) if a triple (F 1 , F 2 , A) is semistable then F 1 is semistable and F 2 is semistable. (2) if rkA = 2 and
Hence, we have a surjective, affine P G equivariant morphism p ′ :
ss by P G in fact it is a geometric quotient since the rank and degree are coprime a semistable triple is stable(see [13, Theorem 5.3] ) and the variety M X 1 × M X 2 is the good quotient of R ss 1 × R ss 2 by the group P G under the previously defined action of P G since M X 2 and M X 2 are the good quotients of R ss and R ss by P GL(k 1 ) and P GL(k 2 ). Hence, we get a morphism p :
is the open subvariety of M X 2 consisting of isomorphism classes of rank 2, deg 0 stable bundles over X 2 .
Recall that
We observe that the variety B is the geometric quotient of R s
is a Zariski locally trivial P GL(2) bundle. Clearly, Z ′ is P G invariant and Z is geometric quotient of Z ′ by P G . Hence the restriction p : Z → B is anétale locally trivial P GL(2) bundle.
3.1. Notation. From now on we work with the moduli space of bundles with fixed determinant. We fix some notations.
• We denote by X0 the reducible nodal curve with two components X1 and X2 meeting at a point p. Let π :X0 → X0 be the normalization map and π −1 (p) = {p1, p2}.
• M0 will henceforth denote the moduli space of rank 2, degree 1 semistable torsionfree sheaves over X0 with "fixed determinant", which can be made sense of following [17] and [13, Proposition 7.2 ]. This space can also then be identified with the moduli space of triples with fixed determinant.
Note that since rank and deg are not coprime there is no universal bundle over X 2 × M 2 .
• The moduli space M 
topology of M 0
In the following theorem we summarize some topological facts concerning the moduli spaces of interest in this paper:
(
is the morphism defined by the Hecke correspondence cf. 6 and
Proof. For the proof of (1) see [5, Proposition 1.2] and [15] . For the proof of (2) see [14] and [1] . For the proof of (3) 
Computation of H
From the Thom-Gysin sequence we get:
where g : We now compute the H 3 of Z.
Proof. We now make a few observations( following the Theorem 4.1).
(1) p : Z → B is a P GL (2) 
(4) H 1 (P GL(2), C), Z) = 0 since P GL(2, C) = P SL(2, C) and there is a deformation retract SL(2, C) into its maximal compact SU (2, C) ≃ S 3 therefore P SL(2, C) and RP 3 have the same homotopy type.
Hence, the Leray spectral sequence of the fibration p gives rise to an exact sequence:
Now the 1st term in the sequence is trivial and the last term is R. So, the last map can either be zero or surjective. Since rank of H 3 (B, R) is 2g, it follows that the rank of H 3 (Z, R) is either 2g or 2g + 1 .
Our next claim is that H 3 (Z, Z) is torsion-free. In the exact sequence (4.1.2) if we replace the cofficient R by Z then we get an exact sequence:
Therefore we get: 
. In this subsection we compute the codimension of
. We observe that we have the identification
It is well known that K is precisely the singular locus of M ss 2 of dimension g 2 = genus(X 2 )( [19] ). Let K 0 be the open subvariety of K consisting of S equivalence classes of strictly semistable bundles W with trivial determinant which are obtained as extensions:
where
. Now we will show the following.
Proof. We observe that K ′′ = A 0 ∪ A 1 where
Then P ′ parametrizes isomorphism classes of non-split extensions of the form:
with L ∈ J ′ and there is an universal extension
such that G | X 2 ×x , x ∈ P ′ , is the corresponding isomorphism class of exten-
where F is the universal bundle over F 2 , A) is a stable triple. So by the universal property of M 12 we get a morphism from
Hence
Proof. Follows immediately from
2 ) at the point p over X 1 and P 2 is the moduli space of parabolic stable bundles of rank 2 and degree 0 with parabolic weights (
2 ) at the point p over X 2 (see [13, Theorem 6 .1]). To compute the first Chern class of the normal bundle of this divisor in M 12 we will try to understand this identification. Lemma 4.6. Let V 1 and V 2 be two algebraic rank 2 vector bundle over a smooth algebraic variety X then there is a relative Segre embedding:
such that if we denote the image of the embedding by D then the normal bundle
Proof. The image of the relative Segre embedding can be identified with the zero-scheme Z(det) where det ∈ H 0 (X, Sym 2 (Hom(V 1 , V 2 ))⊗M * ). Observe that q * O P (2) = Sym 2 Hom(V 1 , V 2 ) where P is the total space of the bundle PHom(V 1 , V 2 ). By the projection formula, det can be viewed as a section of O P (2)⊗p * M * and hence the normal bundle of the zero-scheme gets identified as
Thus we have an embedding:
where F 1 and F 2 are the rank 2 vector bundles over R 1 × R 2 described in the preliminary section.
We denote the image of the embedding i by D ′ and we know from the previous lemma:
Now P(F * 1 ) over R 1 (resp P(F 2 ) over R 2 ) has the local universal property for parabolic bundles over X 1 (resp X 2 )(see [12, page 226] ). Denote by P(F * 1 ) ss (resp P(F 1 ) ss the set of closed points q ∈ P(F * 1 ) (resp in P(F 2 )) such that the corresponding parabolic bundle on X 1 (resp on X 2 ) is semistable with restpect to the weight a 1 /2, a 2 /2(We have mentioned these weights in the preliminary section).We note that a parabolic semistable bundle with respect to the weight (
2 ) is stable (see [13, Theorem 6 .1]). From the main result of [12, theorem 4.1] we conclude that the GIT quotient of P(F * 1 ) ss (resp P(F 2 ) ss ) by P GL(k 1 ) (resp P GL(k 2 )) exists as a smooth, irreducible, projective variety and is isomorphic to the moduli space of parabolic bundles P 1 (resp P 2 ).
Hence the GIT quotient of P(F * 1 ) ss × R 1 ×R 2 P(F 2 ) ss by P G is isomorphic to P 1 × P 2 . Now we observe the following facts:
• A triple (V 1 , V 2 , A) where V 1 , V 2 are vector bundles over X 1 , X 2 and A : 
From the above observations we get the following commutative diagram of morphisms:
We again denote the image of the embedding i by D ′ and the normal bundle by N D ′ /P ss . The commutative diagram (4.3.4) above is clearly P G equivariant therefore all the morphisms descend to the GIT quotients by P G and 10 we have the following commutative diagram of morphisms.
The morphism i : P 1 × P 2 −→ M 12 is a closed embedding onto its image and the morphism q is a P 1 ×P 1 fibration. Let, D = i(P 1 ×P 2 ). Since M 12 and P 1 ×P 2 are geometric quotient of P(Hom(F 1 , F 2 )) ss and P(F * 1 )× R 1 ×R 2 P(F 2 ) by P G the normal bundle N D ′ /P ss and i * (N D ′ /P ss ) descend to the normal bundle N D/M 12 and
where L is a line bundle on P 1 × P 2 restricted to each fiber of q isomorphic to O(2, 2) and M ′ is a nontrivial line bundle on
Proof. By the Kunneth formula H
(follows from the fact that P 1 → M 1 is Zarisky locally trivial P 1 bundle hence the cohomology groups of P 1 is same as M 1 × P 1 cf. [3] ) and
Hence from the description of the normal bundle we conclude it is of the form a + 2(e 1 + e 2 ) where a = 0.
Proof. In the proof of the previous Lemma we have observed that
) and e 1 , e 2 are the generators of H 2 (P 1 ) ⊕ H 2 (P 1 ). Let x = aα + bβ + ce 1 + de 2 ∈ Ker ∪ c 1 (N D/M 12 ) then (aα + bβ + ce 1 + de 2 )(a 1 α + a 2 β + 2(e 1 + e 2 )) = 0 where a 1 or a 2 = 0 . Since α 2 , β 2 , αβ, αe 1 , βe 2 , e 1 e 2 are linearly independent therefore a = b = 0 and c = −d. Hence, x is of the form k(e 1 + e 2 ) where k ∈ C. Now, k(e 1 + e 2 )(a 1 α + a 2 β + 2(e 1 + e 2 )) = 0 implies k = 0 therefore x = 0. Proof. We know that the Gysin homomorphism g : [4.9] .Therefore from the Gysin long exact sequence (4.1.1) we conclude
since the other possibility is Z 2g+1 but this is impossible as M 12 is a smooth projective variety its odd Betti numbers has to be even.
We can do similar computations for the other component M 21 and see that
Mayer-Vietoris long exact sequence we get:
Now we will analyze the homomorphisms
Lemma 4.11. The Picard group P ic(M 12 ) = θ 1 , θ 0 , D M 12 where θ 1 (resp θ 0 ) is the pullback of the ample generator of P ic(M 1 )(resp P ic(M 2 )) under the composite map Similarly we have
In Sec §5 6.3 we will show that θ 1 |D , θ 0 |D , θ ′ Therefore
From the commutative diagram (4.3.5) we get i * q * = p * . Now from our computation it follows the morphism p * : Z) is an isomorphism. We claim the morphism q * :
is also an isomorphism since q : P 1 × P 2 → M X 1 × M X 2 is a P 1 × P 1 bundle therefore from Leray spectral sequence q * is surjective and since both the cohomology have same rank and torson free we conclude that q * is an isomorphism. Therefore the restriction morphism i * :
Hence we have i * − j * :
is surjective. So we have an exact sequence:
From this we get:
Theorem 4.14. The Hodge structure on H 3 (M 0 , Z) is pure of weight 3 with
Proof. One can put a weight filtration on H 3 (M 0 , Z) using the MayerVietoris sequence 4.3.6,namely, 
Degeneration of the intermediate Jacobian of the moduli space
Let π : X −→ ∆ be a holomorphic degeneration such that π −1 (t) = X t and π −1 (0) = X 0 then we have a holomorphic degeneration of M t onto M 0 i.e there exists a proper, flat, holomorphic, surjective map π : M −→ ∆ such that π −1 (t) = M t and π −1 (0) = M 0 where ∆ is the open unit disk (see [13, Theorem 4 
.2]).
In this section first we wish to construct a family of intermediate Jacobians {J 2 (M t )} t∈∆ * which specializes to J 2 (M 0 ) i.e a complex manifold J and a proper, holomorphic, submersion π : J → ∆ such that π −1 (t) = J 2 (M t ) if t = 0 and π −1 (0) = J 2 (M 0 ). To construct such a family we will use a result from [7] .
It is well known that there is an analytic family of Jacobians {J(X t )} t∈∆ * degenerating into J(X 0 ) = J(X 1 ) × J(X 2 ) corresponding to the family {X t } t∈∆ * [8, Proposition 3.1], [16, page 16] . So our second aim in this section is to show that these two families {J(X t )} t∈∆ and {J 2 (M t )} t∈∆ are isomorphic as families principally polarized abelian varieties.
13
Before stating the main theorem of this section we will briefly mention some of the main results from the theory of variation of Hodge structure in the case of smooth projective varieties degenerating into a singular variety. Most of these materials which we need for our purpose can be found in [7] , [9] , [18] , [16] .
Let (H = R 3 π * C, F 2 , H Z , ∇) be the variation of Hodge structure of weight 3 over ∆ * corresponding to the family (M t ) t∈∆ * where F 2 H C is the holomorphic subbundle of H C which restricted to the each fiber gives 2nd term of the Hodge filtration and ∇ is the connection whose monodromy operator T is unipotent . Then we have a family of intermediate Jacobians (J 2 (M t )) t∈∆ * corresponding to the VHS. We explain this point a little more.
Let us denote the total space of the holomorphic vector bundle H C /F 2 H C by V and L := H Z be the relative lattice of rank 2g inside V i.e we have an inclusion i : L → V over ∆ * such that i t : L t → V t is a cocompact lattice for all t ∈ ∆ * . We define an equivalence relation on V by v 1 ∼ v 2 iff v 1 and v 2 lie over the same fiber V t and v 1 − v 2 ∈ L. Let V /L be the quotient space modulo this equivalence relation. Then there is an unique complex manifold structure on V /L such that the natural map π : V → V /L is a local complex analytic isomorphism and V /L → ∆ * is proper,holomorphic submersion. Clearly, in our situation
We recall that there is a unique canonical extension (H C ,F 2 ,H Z ,∇) of the VHS (H C , F 2 , H Z , ∇) such that the residue of the Gauss-Manin connection ∇ :F 2 →F 1 ⊗ Ω 1 ∆ (log(0)) is nilpotent. Let H 0 be the fiber of the vector bundleH C over 0. We set
. A natural candidate for J → ∆ would be to set
The natural topology on J , in general , need not be Hausdroff due to the presence of a limiting mixed Hodge structure on the fiber H 0 . Let N := res(∇) = logT then it is known that N is a nilpotent operator of nilpotency index atmost 4. In [18] W Schmid shows that there is a functorial limiting MHS on the fiber H 0 whose weight filtration is given by
H. Clemens [7] shows that J has a natural complex manifold structure, under the following two technical conditions:
has a pure Hodge structure of (2, 2) type.
Moreover, the map from J → ∆ is a flat holomorphic map. 
, t ∈ ∆ * of Hodge structure of (1, 1) type cf. [10] . Therefore we get a morphism φ : 
Proof. Since the singular fiber X 0 is union of two smooth curves meeting at a node we have N ′ = 0 (See [9, page 111] ) where N ′ is the nilpotent monodromy of H ′ Z . So, in this case, there is no weight filtration hence the limiting Hodge structure H ′ 0 is pure.
Since the kernel of the specialization morphism i * :
is Im(N ′ ) = 0 and the Hodge structure have same rank therefore they are isomorphic [9, page 111].
As a corollary we get the result of Fay:
There is an analytic family {J(X t )} t∈∆ * of Jacobians degenerating into J(X 0 ) corresponding to the family of curves {X t } t∈∆ .
Proof. We only need to check the conditions (5.0.3) and (5.0.4) hold in this case. But they are automatic since N ′ = 0. Now we will state the main theorem of this section:
Theorem 5.5.
(1) There is a family of polarised intermediate Jaco-
i.e a surjective, proper, holomorphic submersion π :
(2) The family of (Mumford-Newstead) isomorphisms φ t : (J(X t ), θ t ) −→ (J 2 (M X t ), θ t ) extend across the puncture. i.e we have a commutative diagram-
Proof. Pf of (1) 
. From the theorem (4.14) we see the Hodge structure on H 3 (M 0 , Z) is pure and it has rank 2g. Now the specialization morphism i * : H 3 (M 0 , Z) → H 0 is morphism of Hodge structure of (0, 0) type and the kernel is Im(N ) = 0 and both have the same rank 2g therefore it is an isomorphism of Hodge structure. Therefore
Pf of (2): To prove the family of isomorphisms φ t extend we only need to show that H ′ 0 ≃ H 0 but this we have shown in the corollary 5.2.
As a corollary of the theorem we get the following result:
6. Torelli type Theorem for the moduli space of rank 2 deg 1 fixed determinant torsion-free sheaves over a reducible curve
The classical Torelli theorem says that the polarized Jacobian (J(X), Θ) can recover the smooth projective curve X upto isomorphism. But in the case of a reducible curve X 0 that we have considered in this paper the polarized Jacobian (J(X 0 ), Θ 0 ) can only recover the normalization of X 0 upto isomorphism (See [16, page 125] ).
So from the corollary 5.6 we conclude the following:
A closer look reveals that the moduli space M X 0 carries more information so that one might actually recover the curve X 0 itself not just the normalization. In this section our goal is to investigate the moduli space more carefully and show that we can actually recover the curve X 0 from the moduli space M X 0 under some mild assumptions following a strategy given in [4] .
In section 2 we have briefly described the moduli space M X 0 (2, L X 0 ) of rank 2 , deg 1 torsion-free sheaves with det E ≃ L X 0 over a reducible projective curve X 0 with two components X 1 and X 2 meeting transversally at a point p. The arithmetic genus of such a curve is g = g 1 + g 2 . We assume that X 1 = X 2 . We also assume that g 1 > 3 and g 2 > 3. Let π :X 0 → X 0 be the normalization map whereX 0 = X 1 ⊔ X 2 and π −1 (p) = {p 1 , p 2 }. This is a projective variety of dimension 3g − 3 with two smooth components meeting transversally along a smooth divisor. We have already observed (4.3) that the divisor D is isomorphic to the product of two parabolic moduli spaces P 1 × P 2 where P 1 is the moduli space of rank 2, deg 1 parabolic semistable bundles over X 1 with det ≃ L 1 having parabolic structure at p 1 with weights (a 1 /2, a 2 /2) and P 2 is the moduli space of rank 2, deg 0 parabolic semistable bundles over X 2 with det ≃ L 0 having parabolic structure at p 2 with weights (a 1 /2/2, a 2 /2).
) be the moduli space of rank 2, deg 1, semistable bundles over X 1 with det E ≃ L 1 (resp. moduli space of rank 2, deg 0 semistable bundles over
Then there exists a unique rank 2 bundle
For small choice of weights we know that
) looks like {E, V p 1 }. Consider the vector bundle V which fits into the exact sequence
(6.0.1)
As E p 1 /V p 1 is 1 dimensional vector space supported over the point p 1 , this shows that det(V ) ≃ L ′ 0 . By [1, page 11] the vector bundle V is semistable! Thus we have a Hecke correspondence:
) be the moduli space of rank 2, deg 0 semistable bundles over X 2 with detE ≃ L −1 ( resp moduli space of rank 2, deg 0 semistable bundles over X 2 with detE ≃ L 0 ).
Then there is an unique universal bundle
We know that for small weights P 2 ≃ P(E p 2 X 2 ) and we have similar Hecke correspondence:
So we have the following:
(6.0.5) and P(E Proof. Since the fibres are smooth,unirational varieties therefore
We observe that asθ 1 ⊗θ 0 = p * 1 (π * 1 θ 1 ⊗ π * 0 θ 0 ) and the fibres of p 1 is isomorphic to P 1 which is an unirational variety therefore by lemma 6.3 H 0 (P 1 ×P 2 ,θ 1 ⊗θ 0 ) = H 0 (P 1 , π * 1 θ 1 ⊗π * 0 θ 0 ).Hence the image of the morphism (θ 1 ⊗ θ 0 ) n : P 1 × P 2 → P N for some n >> 0 is isomorphic to P 1 .Similarly the image of the morphism (θ ′ 1 ⊗θ ′ 0 ) m : P 1 × P 2 → P M for some m >> 0 is isomorphic to P 2 . M Y 1 (2, L 1 ) (see [4] for an argument).Hence X 2 ≃ Y 1 . We already know Y 1 ≃ X 1 therefore X 1 ≃ X 2 , a contradiction to our assumption. Therefore, Ψ * (N 1 ) = θ a 1 ⊗ θ b 0 . Hence, we have an isomorphism Φ : P 1 → P ′ 1 such that the following diagram commutes-
Therefore by a theorem of [4] there is an isomorphism σ 1 : X 1 → Y 1 such that σ 1 (x 1 ) = y 1 . Similarly we can show P 2 ≃ P ′ 2 therefore there is an isomorphism σ 2 : X 2 → Y 2 such that σ(x 2 ) = y 2 . Hence X 0 ≃ Y 0 .
.
